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We solve one of the open problems in Einstein-Cartan theory, namely we find a natural matter 
source whose spin angular momentum tensor is compatible with the cosmological principle. We 
analyze the resulting evolution equations and find that an epoch of accelerated expansion is an 
attractor. The torsion field quickly decays in that period. Our results are interpreted in the context 
of the standard model of cosmology. 
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General relativity is a successful theory in agreement with a vast number of observations. It is based on the 
Einstcin-Hilbcrt action which yields the field equations if varied with respect to the metric. If, however, the metric 
and the connection (more precisely the non-Ricmannian part of the connection) are considered as a priori independent 
variables, two field equations are obtained. The first one relates the Einstein tensor (not necessarily symmetric) to the 
canonical energy-momentum tensor, while the other field equation relates the skew-symmetric part of the connection, 
the torsion tensor, to the spin angular momentum of matter, see e.g. [3,iil,i,i]. Spin and tor sion are related by 
algebraic equations, and torsion vanishes in the absence of sources. 
<-h \ The cosmological principle states that the universe is homogeneous and isotropic on very large scales. More 
mathematically speaking the four dimensional spacetime (M, g) is defined by 3d space-like hypersurfaces of constant 
time which are orbits of a Lie group G action on M, with isometry group 50(3). We assume all fields to be invariant 
under the action of G which means C^g^v = and C^T^y = where C% denotes the Lie derivative with respect to 
' the generator of the group. This assumption reduces the cosmological metric to the well know Friedman-Lemaitre- 
0^ , Robertson- Walker form which is characterized by the scale factor and the geometry of the constant time hypersurfaces. 
If applied to the torsion of spacetime, it reduces the components compatible with the cosmological principle to a spatial 
\ axial torsion and a vector torsion part 0] • 

Cosmological models with torsion were pioneered by Kopczynski in [1, Q , who assumed a Weyssenhoff fluid [l(| 
OV to be the source of both curvature and torsion. The cosmological principle was first extended to Einstein-Cartan 
theory in 0, where it was also suggested to reconsider the results in [1,1^], since the Weyssenhoff fluid turns out 
to be incompatible with the cosmological principle (see also [Tl|, E2, Ell ) ■ An elaborate analysis of the most general 
action up to quadratic terms in curvature and torsion assuming the cosmological principle can be found in 
Analytical solutions of the Riemann-squared gravity have recently been discussed in a cosmological context in 
Non-Riemannian models of cosmology in general have been discussed in 

[M E3, EE d 

However, nobody has so far succeeded in constructing a non-trivial spin angular momentum tensor in cosmology 
by minimally couplin g m atter fields to the geometry. We show that the minimally coupled eigenspinors of the charge 
conjugation operator |2Ct l2lT| yield a spin tensor compatible with the cosmological principle. 

These spinors belong to a wider class of so-called flagpole spinors [22j. They are non-standard spinors according 
to the Wigner classification and obey the unusual property (CPT) 2 = — 1. Hence, their dominant coupling to other 
fields is via the Higgs mechanism or via gravity [IS El- The particles associated with such a field theory are naturally 
dark and we will refer to them as dark spinors henceforth, note that they were originally named Elko spinors. 

Dark spinors are defined by 

X=M^), (1) 
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where <f>* L denotes the complex conjugate of 4>l and 02 denotes the second Pauli matrix. For a detailed treatment of 
the field theory of the eigenspinors of the charge conjugation operator we refer the reader to [i(J[2lj]. Dark spinors 
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have an imaginary bi-orthogonal norm with respect to the standard Dirac dual ip = ip^j , and in order for a consistent 
field theory to emerge the dual is given by 

\ u = i e v u \l 1 °, (2) 

with = — 1 = — e {-'+} suc h that 

X„(p)A w (p) = ±2m5 uv , (3) 

where p denotes the momentum. 

Due to their formal structure, dark spinors couple differently to gravitation than scalar fields or Dirac spinors 23], 
eigenspinors of the parity operator. This allows for many interesting applications, for instance, in [2~ij it has been 
shown that dark spinors naturally yield an anisotropic expansion in the context of cosmological Bianchi type I models. 
This allows for a suppression of the low multipole amplitude of the primordial power spectrum. The primordial power 
spectrum of the quantum fluctuations of dark spinors has been investigated in [25l l2rl ] where is was found that the 
small scale power spectrum essentially agrees with that of scalar field inflation while the large scale power spectrum 
shows new features. 

The paper is organized as follows. In Section |TT] we briefly summarize Einstein-Cartan theory. In Section IIIII the 
cosmological field equations in Einstein-Cartan theory in the presence of dark spinors are presented. We analyze the 
field equations qualitatively and numerically in Section IIVI and conclude our work in Section |V] 



II. EINSTEIN-CARTAN THEORY WITH DARK SPINORS 



It is well known that in general relativity the presence of matter yields the metric energy momentum tensor that 
acts as the source term of the curvature of spacetime. From a field theory point of view, this tensor is related to 
translations. However, special relativity is based on the Poincare Lie algebra which has two conserved quantities, 
mass squared and angular momentum squared. It is therefore natural to extend the theory of general relativity by 
taking into account the spin angular momentum as an additional property of matter, which is associated to rotations. 

In line with standard conventions we use Greek letters (/j,, . . .) taking values (t, x, . . .) for holonomic indices and 
Latin letters (a, &,...) taking values (0, 1, . . .) for anholonomic indices. The line element is defined by 

ds 2 = g^ dx^dx v = g ab e°e£ dx»dx v . (4) 

We assume there exists a metric compatible covariant derivative operator V \g^ v = 0, and do not require the connection 
to be symmetric. The torsion tensor is defined as the skew-symmetric part of the (full) connection 

Tnv X = fj^,] = - (f^ — f^J, (5) 

and in turn we can decompose the connection into the Christoffel symbol and an additional piece, the contortion 
tensor 

= L^„ — K^ v . (6) 

Combining the latter relation with the definition of torsion ([5]), it follows that torsion and contortion are algebraically 
related by 



f 
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The covariant derivative when acting on a spinor is defined by 

I . 1 



= -{K v x -K liV x ). (7) 



V a A = 3 a \ - -r a A + -^ abc7 6 7 c A, (8) 

where T a — V a bcf bc and f bc = -|[7 b ,7 c ] are the generators of the Lorentz group. The anholonomic and holonomic 
connections are related by 

Kb = «V M < = e£eZelT% - e^d^t, (9) 

r Q 6 C = gcdFtbi r a(bc ) = o. (10) 
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We use the 7-matrices in the chiral form 



with 7 5 = i7°7 1 7 2 7 3 , and the 7-matrices satisfy 

l [a l b) =g a \ r=e» al a , j^=g^. (12) 
The action of Einstein-Cartan gravity is 

(-^■R + Sf^jy/^gd^x, (13) 

where R is the Ricci scalar computed from the complete connection with contortion contributions, g is the determinant 
of the metric, -£f TOa t denotes the matter Lagrangian and 1/M_\ = 87rG is the coupling constant; the speed of light is 
set to one (c = 1). The resulting field equations are 

Gij = Rij — —Rgij = j^t (14) 
T ij k + 5{Th l - 5{T\ l = M p 2 ! Ttf fc , (15) 



where T n ^ is the spin angular momentum tensor, defined by 



Tfe = Jk^> (16) 



and E,j is the total energy-momentum tensor 

£y = a tj + (V* - Kik l )(Tij k - Tj k i + r k lj ), (17) 
where er^ is metric energy-momentum tensor 

2 a(v=si?™t) 



-5 V j 



(18) 



The field equations (HHJ) are in general 24 algebraic equations, and in the absence of spin sources torsion vanishes, 
torsion does not propagate. 

We have not included the cosmological constant in the field equations for simplicity. It should be noted, however, 
that there exist models where the cosmological constant might be induced by the torsion of spacetime. Likewise, 
torsion could contribute to the bare cosmological constant and yield today's observed effective cosmological term, see 
e.g. [U [H, H^] and also [3(| for a spinorial dark energy model. 

As for the matter we consider a dark spinor field. It obeys scalar field-like equations of motion since its mass 
dimension is one and the Lagrangian reads 

i* = ^ afc V (a AV h) A-y(AA), (19) 

where T^(AA) denotes the dark spinor field potential. It is important to emphasize that the non-standard Wigner class 
spinors lead to more torsion structure than Dirac spinors [23} . The resulting metric energy-momentum tensor and 
spin angular momentum tensor respectively become 

try = V^Vj-jA-fltfi?, (20) 



T 



kj. 



V,AV 7 fc A - -Ar^ViA. (21) 



4 * ' ' 4 
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III. COSMOLOGICAL FIELD EQUATIONS 

Current observations [U HH suggest that the energy density of the universe is very close to the critical density, 
resulting in spatially flat hypersurfaces. The flat FLRW metric is 

ds 2 = dt 2 - a(t) 2 (dx 2 + dy 2 + dz 2 ) , (22) 

where a(t) is the expansion parameter. It yields the following non- vanishing holonomic Christoffel symbols components 



T^x _ r y _ v z _ ** 

1 tx ~ 1 ty — 1 tz ~ 1 

r* = r* = r* = on 

1 xx L yy L zz uu : 



(23) 



where the dot denotes differentiation with respect to t. This then implies the following non-vanishing anholonomic 
Christoffel symbols T a to be 



r n = -J-(7V-7V) = -2-r, 

la a 
n = 1,2,3. 

When the cosmological principle is applied to the torsion tensor 0, G3] the allowed components reduce to 

h{t), 
/(*)• 

The cosmological Einstein tensor with torsion is now given by 



J no 

J 123 



^220 
^312 



J 330 
J 231 



d /d , \ 
S-(-+2/i 

a\a / 



3/i 2 - 3/ 2 



G M = a 2 f-2- - - (- + Ah) - 2h - h 2 + f 



(24) 
(25) 

(26) 
(27) 

(28) 

(29) 
(30) 



In addition to the geometry, also the matter has to be compatible with homogeneity and isotropy. This yields two 
classes of dark spinors, dark ghost spinors which satisfy AA = and standard dark spinors where AA ^ 0. The name 
ghost spinors refers to the fact that such spinors lead to a vanishing metric energy-momentum tensor and hence do 



not effect the curvature of spacetime in general relativity, see also [33l 
can be written in the form 

A {--+} = p(*)£> 
A {+,-} = v(*K, 

where £ and £ are two linearly independent constant spinors given by 



£ = 



±i 

w 



o 



v-iy 



1351 . 136j . A cosmological ghost spinor field 

(31) 
(32) 



(33) 



with their respective dual spinors 



| = i (0 i ±1 0) , 
£ = (-< Tl) 



(34) 



The set of 24 algebraic equations (|15|) reduces to two independent equations relating spin and torsion if we assume 
homogeneity and isotropy. The torsion functions / and h can therefore be expressed [46] in terms of the matter 



<p 4 /M 4 



/ = - 



4 + ^/M 4 a 
4 + A 4 /M 4 a' 



(35) 
(36) 
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which can be combined to give 

- f = \p 2 lMl v (37) 

Therefore, a dark ghost spinor field satisfying the cosmological principle indeed yields non-trivial contributions to the 
spatial axial torsion component and to the time component of the torsion vector. Hence, the spin angular momentum 
tensor induced by this matter source satisfies homogeneity and isotropy. 

The total energy-momentum tensor for the dark spinor matter is given by 



E« = V , (38) 

/ 

^xx — ^yy — ^zz, (40) 



-a 2 V + a 2 v 2 hh- 7-2^)/, (39) 
V f wJ 



where Vq — V(0). This completes the formulation of the cosmological field equations. Next, we investigate the 
qualitative behavior of the equations of motion. 

The geometrical part of the cosmolo gica l field equations ([2"8|) - ([3T))) can, for example, be read off from [l4[ (cf their 
action L4) which we verified. In Ref. [37] . where h — was assumed, the geometry parameter k was redefined to 
include the remaining torsion by k = k — f 2 a 2 /2, see also [38 [. 



IV. COSMOLOGICAL DARK SPINOR DYNAMICS 



The complete set of field equations can be reduced to a single first order differential equation in the following 
manner. First of all, all torsion functions in the field equations are written in terms of the spin tensor (|36[) . thereby 
eliminating torsion / and h for the matter field tp. Next, we can use Eq. (|28[) and the derivative of that equation 
to find expressions for a/a and a/a which are expressed entirely in terms of the matter field ip. We analyze these 
equations qualitatively and solve them numerically. 

For the Hubble parameter H — a/a from Eq. (f^5|) we find 



H=l - ' ' =gL (41) 



2 v / 3 



Next, the terms with a/a, a/a and / and h are eliminated for <p in the spatial component of the field equation which 
results in 



y/Vo/Mfr 8 + 3^/^pi 



(p 4\/3 12- (fi 4 /M, 



^/M P V (42) 



Positivity of the square root requires (p/M p \ < y/2. This implies that the sign of the first derivative of the field 
cannot change its sign and hence the field value is a decreasing function of time and in fact quickly approaches zero. 
When this happens, the Hubble parameter asymptotes to a constant value and the universe expands according to 
a oc exp(iJt). 

To see this behavior of the solutions qualitatively, let us expand Eqs. (HTj) and ([12")) about ip = which leads to 



H=J^ + 0(v/M pl )\ (43) 



1,1 ' 0&/M pi )\ (44) 



<p 3y3M2 

and therefore we find that a period of accelerated expansion is an attractor solution of this system of equations. 
Taking into account Eq. (|36|) . we also find that the torsion of spacetime is quickly decreasing and approaching zero 
as the universe expands. 
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Such a behavior of the torsion is not unexpected, see e. g. 13911. Spin ors and inflation in the context of torsion theories 
have received much attention in the past [3a. [40l l4ll l4al43t H4. |45| . It should be pointed out, however, that matter 
sources considered previously violate the cosmological principle. 

We numerically solve the first order differential equation ([l^]) and use this solution to find the evolution of the 
Hubble parameter, we plot the Hubble parameter in Fig. |TJl, which approaches to a constant for different initial 
conditions of the field. In Fig. [TJd the torsion function h is plotted for the same numerical solutions. 
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FIG. 1: Left: Hubble parameter and right: torsion function h for l/M^ = 87r and Vo = 1. Initial conditions of the matter 
field are <fi = ip(t = 0) = {0.282, 0.25, 0.23, 0.20}, {blue (short dashed), red (dashed), (medium dashed) yellow and green (long 
dashed) } 



In order to give a qualitative statement about the decay rate of the torsion, in Fig. [2] we plot the torsion function 
h as a function of the number of e-foldings. We assume the total number of e-foldings to be sixty. Therefore, the 
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FIG. 2: Torsion function h for 1/Mpi = 8-7T and Vq = 1. Initial condition is ipi = {0.25}. 



torsion contribution of the spacetime becomes negligible after approximately four e-foldings. 



V. CONCLUSIONS 



We identified a matter source whose spin-angular momentum tensor is compatible with the cosmological principle. 
We then solved the resulting field equations of Einstein-Cartan theory This matter source consists of the eigenspinors 
of the charge conjugation operator, which we refer to as a dark spinor field. It couples to all irreducible parts of 
torsion and therefore leads to an interesting coupling of matter and geometry. This matter source is also naturally 
dark in that it can only interact via the Higgs mechanism or gravity. 
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Our solutions of the field equations show that torsion does vanish quickly (approximately after a few e-foldings) 
and that the Hubble parameter has a constant value as an attractor. Both features of the model fit very well into 
the standard model of inflationary cosmology in that a period of accelerated expansion is an attractor solution, ft is 
worth noting that in Einstein-Cartan theory the spins of elementary particles are thought to be the primary sources of 
torsion, and it is therefore expected that on large sales and over time torsion should average out or decay respectively. 

We speculate that some non-zero cosmological torsion has already been observed in the large scale anisotropics of 
the cosmic microwave background radiation (CMB) where torsion leaves its imprint only on the largest scales. 
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